We describe a two-dimensional ͑2D͒, four-color fluorescence resonance energy transfer ͑FRET͒ scheme, in which the conformational dynamics of a protein is followed by simultaneously observing the FRET signal from two different donor-acceptor pairs. For a general class of models that assume Markovian conformational dynamics, we relate the properties of the emission correlation functions to the rates of elementary kinetic steps in the model. We further use a toy folding model that treats proteins as chains with breakable cross-links to examine the relationship between the cooperativity of folding and FRET data and to establish what additional information about the folding dynamics can be gleaned from 2D, as opposed to one-dimensional FRET experiments. We finally discuss the potential advantages of the four-color FRET over the three-color FRET technique.
I. INTRODUCTION
Single-molecule experiments are becoming increasingly popular as the preferred method for probing the kinetics of complex biomolecular phenomena.
1-5 These techniques usually report the conformational state of an individual molecule with a single conformation-dependent variable. For example, in mechanical pulling experiments this conformationdependent variable is the distance between the points at which the molecule is attached to the pulling setup. In fluorescence resonance energy transfer ͑FRET͒ experiments, this variable is the emission from a dye molecule ͑the acceptor͒ that has been indirectly excited through FRET from another dye ͑the donor͒. The emission from the acceptor is strongly dependent on the donor-acceptor distance r, thus providing a spectroscopic ruler for measuring intramolecular distances.
2,5-10 A convenient structural measure is the FRET efficiency E, which is related to r through the equation
where R 0 is the Förster radius.
Measuring the FRET efficiency E͑t͒ as a function of time may provide direct information about elementary steps of complex biochemical phenomena ͑see, e.g., Refs. 6 and 11-13͒. However, uncovering the underlying multidimensional dynamics of the system at hand from a onedimensional experimental time series such as E͑t͒ poses a problem that has challenged both theorists and experimentalists. [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] Naturally, increasing the number of observables probed simultaneously in the same singlemolecule experiment is viewed as a promising venue with the potential to make single-molecule studies more informative.
1, 33, 34 Recently, multicolor FRET experiments have been reported [35] [36] [37] [38] [39] in which the emission from two acceptor molecules is simultaneously monitored, thus providing information about two intramolecular dimensions at the same time.
The main goal of the present work is to illustrate-using computer simulations-what kind of information about the underlying single-molecule dynamics can be gleaned by simultaneously observing more than one conformational variable. We hope that our study will provide a theoretical framework for interpreting future experimental results for such two-͑or multi͒ dimensional single-molecule studies.
Multidimensional single-molecule methods may be particularly useful for studies of protein and RNA folding. A number of single-molecule, in particular, single-molecule FRET, studies have already provided a wealth of information about various aspects of folding kinetics. 1, 8, 10, 11, [40] [41] [42] [43] [44] [45] [46] [47] [48] For example, FRET photoemission statistics have recently been used to probe the ultrafast dynamics of protein collapse 47 ͑also see Refs. 49 and 50 for the background͒. While these developments are impressive, we believe that multidimensional single-molecule experiments are poised to tackle the more ambitious issue concerning the mechanisms of protein folding. The folding mechanism, i.e., the sequence of events through which an initially unstructured polypeptide chain attains its native conformation, is a long standing issue in biophysics. Many models of folding kinetics have been proposed, each postulating a different order of events and varied degrees of cooperativity for the formation of secondary structure and/or long range order. [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] Although computer simulations can test some of these assumptions, direct experimental evidence for any specific folding scenario is hard to come by.
The inherent difficulty of using one-dimensional singlemolecule data to distinguish between cooperative and noncooperative folding scenarios is illustrated by the recent controversy regarding cooperativity in the folding of polyubiquitin domains under mechanical forces. 64, 65 Fernandez and Li 64 studied the refolding of a multidomain polyubiquitin chain by monitoring the decrease in the overall extension of the chain. As was shown by subsequent theoretical studies, 65, 66 the dynamics of the chain extension is similar regardless of whether or not each domain folds independently. This makes differentiating between the cooperative and noncooperative scenarios difficult. On the other hand, if one could monitor the extensions of two individual domains, as in simulation studies, then resolving this issue would become trivial. It should further be possible to quantify the degree to which these events are cooperative. To do so, one needs to start with a definition of the "degree of cooperativity." In the literature, this term has been used in a somewhat loose sense to refer to many-body effects, 67 specific folding pathways, 53 sharpness of the folding transition, 68 or the existence of a slow relaxation mode in the folding kinetics. 69 We will use cooperativity in a narrower sense to refer to the mechanism through which the formation of partial native order speeds up subsequent folding events, thereby facilitating the global folding of the chain, see below.
More generally, we will talk about the dynamic and structural coupling between conformation-dependent variables. In the following sections we will introduce parameters that quantify this coupling. While it is possible to formulate our theory for any set of structural variables that characterize the dynamics of any macromolecular system, in order to be specific we are going to explore the relationship between the underlying folding dynamics of a protein and the statistics of its two-dimensional ͑2D͒ FRET trajectory ͕E ͑1͒ ͑t͒ , E ͑2͒ ͑t͖͒, which can be recorded by simultaneously measuring the emission from two donor-acceptor pairs. This provides an experimental measure of correlation in protein dynamics. In practice, spectral overlap among dyes makes it difficult to design two completely independent donor-acceptor pairs. It is more feasible to have one donor and two acceptors, as has already been accomplished in the three-color FRET schemes of Refs. 37-39. This technique introduces additional coupling between E ͑1͒ and E ͑2͒ since the two acceptors must compete for the same excitation. The additional coupling through competing FRET pathways must be distinguished from the inherent dynamic coupling ͑if any͒ between the structural variables represented by E ͑1͒ and E ͑2͒ . We will discuss how this can be accomplished in Sec. IV.
The rest of this paper is organized as follows. In Sec. II we will derive general expressions for the correlation functions of the form C ␣␤ ͑t͒ = ͗E ͑␣͒ ͑t͒E ͑␤͒ ͑0͒͘ under the assumption that the system of interest undergoes a Markovian process. We will discuss how these correlation functions reflect the cooperativity in the dynamics of the system and illustrate our results with a simple example involving the folding of two weakly coupled protein domains. The theory presented in Sec. II is general and can be applied within the framework of any Markovian model of protein dynamics ͑see, e.g., Refs. 69-73͒, thus providing a link between experiments and protein folding models. In Sec. III we will present two case studies of the 2D FRET dynamics for the toy model that views proteins as Gaussian chains with breakable cross-links corresponding to native contacts. 59, 72, 73 While far from providing a realistic model of protein dynamics, Gaussian chains with cross-links ͑GCCLs͒ exhibit many proteinlike properties. The GCCL model further allows for a sensible description of folding kinetics, as opposed to pseudokinetic schemes that use Metropolis Monte Carlo moves as elementary kinetic steps and do not consider the free energy barriers controlling the rate of each step. The GCCL model has been previously used to describe the relationship between protein topology and folding rates 59, 72, 73 and to study the effect of protein topology on the mechanical resistance in singlemolecule pulling experiments. 74, 75 Finally, in Sec. IV we will conclude with a discussion of the implications of our work for experimental single-molecule FRET studies.
II. THEORY

A. A simple example: Two weakly correlated FRET pairs
To illustrate how 2D FRET can be used to probe cooperativity in protein folding, we begin with the simple example illustrated in Fig. 1 consists of two domains, each folding independently. The folding and unfolding rate constants for the domains are, respectively, k f ͑␣͒ and k u ͑␣͒ ͑␣ =1,2 for domains 1 and 2͒.
To find out whether or not the two domains fold independently, we place a donor-acceptor pair ͕d 1 , a 1 ͖ on the first domain and a different pair ͕d 2 , a 2 ͖ on the second domain. For each of the pairs, we measure its instantaneous FRET efficiency E ͑␣͒ , which takes on a high value E f ͑␣͒ in the folded state and a lower value E u ͑␣͒ in the unfolded state. Thus our "experimental" data will consist of two time-dependent functions, E ͑1͒ ͑t͒ and E ͑2͒ ͑t͒, which we call the FRET trajectories. From this, we can also calculate the joint probability distribution function for the two efficiencies P͑E ͑1͒ , E ͑2͒ ͒. For two independent domains, this probability is a product of the probability distribution of each individual pair:
As a result of the statistical independence of the signal from the two pairs, the average of their product is equal to the product of their averages:
A convenient measure of the correlation between simultaneous values of E ͑1͒ and E ͑2͒ is the correlation coefficient given by 12 
In the case of our independent domains, there is no correlation and 12 = 0. In general, this parameter satisfies the inequality −1 ഛ 12 ഛ 1 ͑Cauchy-Schwarz inequality͒ where 12 = −1 corresponds to maximum anticorrelation and 12 = 1 to maximum correlation.
We can also consider the time dependence of the correlation functions for our system. The autocorrelation function of the FRET efficiency that undergoes a Markovian, twostate process is given by
͑5͒
Because of the statistical independence of the two pairs, the cross-correlation function
will be identically zero in this case. We now lift the assumption of statistical independence between the two domains and suppose that that they are coupled. The effect of coupling can be conveniently represented by plotting the states of the protein and the transitions among them in the E ͑1͒ − E ͑2͒ plane, as shown in Fig. 1 . Assuming that the coupling preserves Markovian dynamics, the case involving only four states may result in three different scenarios or any of their combinations.
͑1͒ There can be a structural effect through which the folding or unfolding of one domain also affects the conformation of the other, thereby altering the distantdependent FRET emission from both pairs in a single transition. Thus the points representing the states in the E ͑1͒ − E ͑2͒ plane in Fig. 1͑b͒ no longer form a rectangle as in Fig. 1͑a͒ . ͑2͒ There can be a kinetic effect whereby the folding of a domain speeds up or slows down the folding of the other domain, so that k f ͑1͒ k f ͑1͒ in Fig. 1͑b͒ . Similarly,
Note that the changes in these rate constants are not independent since they must preserve the detailed balance. In particular, one must have
Finally, coupling can also introduce a new concerted pathway, in which both domains fold simultaneously. In Fig. 1͑b͒ , the folding and unfolding rate constants along this pathway are k f ͑c͒ and k u ͑c͒ .
In Fig. 2 , we illustrate how various combinations of scenarios 1 and 2 affect the time dependence of the crosscorrelation function C 12 ͑t͒. We have assumed that the folding of one domain speeds up the folding of the next,
To account for the structural effect in scenario 1, we have assumed that the FRET efficiencies in the states labeled 1-4 in Fig. 1͑b͒ are, respectively, given by
where ⌬E = 0 would correspond to Fig. 1͑a͒ . In Fig. 2 , we have chosen our coupling to be small ͑⌬E Ӷ 1, Ӷ 1͒. As a result, it does not significantly affect the behavior of the autocorrelation function C 11 ͑t͒, which is essentially the same in all three cases shown in Fig. 2 . However, the behavior of the cross-correlation function C 12 ͑t͒ is drastically affected by the choice of the coupling parameters and ⌬E. We also see that the time dependence of C 12 ͑t͒ can be nonmonotonic and strongly nonexponential. These features will be discussed in more detail in Sec. II B. suggests that one can use the behavior of cross-correlation functions as a sensitive probe of the coupling between two conformational variables.
It is also instructive to consider the opposite extreme, where the coupling between the two domains is so strong that the folding kinetics is dominated by the concerted mechanism represented by the line connecting states 1 and 4 in Fig. 1͑b͒ . If we neglect all the rate constants except those for concerted folding and unfolding, k f ͑c͒ and k u ͑c͒ , then 12 =1 ͑perfect correlation͒ and
For this case, the correlation functions C 11 , C 22 , and C 12 have exactly the same time dependence and differ by only a factor. This is not surprising since, for a perfect two-state folder, we expect all observables to display the same time dependence.
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B. 2D FRET statistics for the general case
Consider now a more general situation, in which the dynamics of the system ͑e.g., the entire protein͒ can be described as a Markovian process involving N states labeled i =1, ... ,N. For example, N = 4 in Fig. 1 . The time dependence of the populations p i of these states is described by
where k ij is the rate constant for the transition from i to j. We have introduced the rate matrix R, whose off-diagonal elements are the rate constants, R ij = k ji , and whose diagonal elements are given by
We probe the system by monitoring two ͑or more͒ donoracceptor pairs, which we label with Greek letters ␣ , ␤ ,... . With this notation, the FRET efficiency from the pair labeled ␣ when the system is in state i is E i ͑␣͒ .
We are interested in the correlation functions of the form
The conditional probability for finding the system at time t in state j provided it has started in state i at t = 0 is given by the element of the matrix ͑e Rt ͒ ij . Using this fact, Eq. ͑10͒ can be written as
where p i 0 's are the equilibrium populations of the states. To simplify notation, from here on we have assumed summation over all double indices.
To obtain more insight into the time dependence represented by Eq. ͑11͒, we will examine its short-and long-time limits.
The short-time limit. To first order in time t, the matrix exponent can be approximated by
This gives
where
Separating the off-diagonal elements of R from the diagonal ones in Eq. ͑14͒ and using Eq. ͑9͒ we have
The off-diagonal elements of the R matrix satisfy the detailed balance condition
so that we get
͑17͒
Now pick a pair of states i and j. Their total contribution into the sum of Eq. ͑17͒ is
where Eq. ͑16͒ was used again. Thus we can rewrite Eq. ͑17͒ as
is one of the central results of this paper. Note that the physical meaning of the product f ij = R ij p j 0 = k ji p j 0 = k ij p i 0 is the equilibrium flux between states i and j, which is the same in both directions because of the detailed balance.
Consider now the short-time behavior of a crosscorrelation function of the FRET efficiency for ␣ ␤. Suppose that for any i and j, each time a transition i → j occurs it affects at most one of the efficiencies, E ͑␣͒ or E ͑␤͒ , but not both. In the pictorial representation of Fig. 1 , the jumps between states in the E ͑␣͒ − E ͑␤͒ plane take place in the direction of either axis. Then Eq. ͑19͒ gives ␣␤ = 0 and we say that there is no ͑measurable͒ structural coupling between the two pairs. This also means that the cross-correlation is a quadratic function of t at short time, C ␣␤ ͑t͒ = C ␣␤ ͑0͒ + t 2 , unless the next term in the series happens to be zero as well.
To illustrate this, consider the two-domain case discussed in Sec. II A and illustrated in Figs. 1 and 2. If we make the additional assumption that k f
where we have defined
. We see that 12 becomes zero only if ⌬E =0 or ⌬E = ͑⌬E ͑1͒ + ⌬E ͑2͒ ͒ / 2. The case ⌬E = 0 is illustrated by the dotted line in Fig. 2 and corresponds to pure scenario 2 above. It is straightforward to verify that the second case also corresponds to an arrangement where the four states depicted in Fig. 1 form a rectangle, although its edges are not necessarily aligned with E ͑1͒ and E ͑2͒ . When Ͼ 0 in our two-domain example, the cooperativity of folding transitions exists in the sense that folding of one domain facilitates the folding of the other. As a result, the parameter 12 ͓Eq. ͑4͔͒ that measures correlations between simultaneous values of E ͑1͒ and E ͑2͒ is nonzero. We will call this kinetic cooperativity ͑or simply cooperativity͒ between the two domains as opposed to structural coupling, which we have quantified with the parameter ␣␤ . Note that the term "kinetic cooperativity" may appear somewhat confusing because the parameter ␣␤ can be obtained from the equilibrium distribution of the FRET efficiencies without any kinetics. This is because this distribution is related to the rates of the elementary transitions through the detailed balance.
The parameter ␣␤ alone, however, cannot be used to distinguish structural coupling from kinetic cooperativity as it is influenced by both. For instance, using the same twodomain model, we find
In the absence of structural coupling ͑i.e., when ⌬E =0͒ 12 vanishes only if there is no cooperativity, = 0. However, in the general case 12 depends on both ⌬E and and it may be nonzero even in the case of pure scenario 1 ͑ =0͒. Moreover, according to Eq. ͑21͒ it can vanish when both ⌬E and are finite if there is accidental cancellation between the structural and the kinetic effects. Finally, if there is no kinetic cooperativity ͑i.e., =0͒ then we find from Eqs. ͑20͒ and ͑21͒ that both 12 and 12 will vanish simultaneously for ⌬E =0 and ⌬E = ͑⌬E ͑1͒ + ⌬E ͑2͒ ͒ / 2. The signs of the two parameters can be used to further understand the behavior of C ␣␤ ͑t͒. For example, if both ␣␤ and ␣␤ have the same sign then one can conclude that C ␣␤ ͑t͒ has to be nonmonotonic ͑cf. the dashed line in Fig. 2͒ . This is because ␣␤ differs from C ␣␤ ͑0͒ by only a positive constant ͓cf. Eqs. ͑4͒ and ͑6͔͒, and any function C ␣␤ ͑t͒ such that ͉͑dC ␣␤ / dt͉͒ t=0 and C ␣␤ ͑0͒ have the same sign and C ␣␤ ͑ϱ͒ = 0 must be nonmonotonic.
For autocorrelation functions, we have
This quantity is always negative. In our example of two weakly coupled domains, coupling has no effect on ␣␣ in the zeroth order approximation. This is why C 11 ͑t͒ is monotonic and virtually the same in all three cases, as shown in Fig. 2 . The long time limit. At sufficiently long times, we generally expect both the autocorrelation functions and the cross-correlation functions to decay exponentially at the same rate, C ␣␤ ͑t͒ ϰ exp͑− 1 t͒, where 1 is the lowest nonzero eigenvalue of the matrix −R, except in special cases where the term proportional to exp͑−t͒ is missing in the spectral decomposition of one of the correlation functions ͑cf. the case of two decoupled domains, where the two autocorrelations decay at different rates͒.
III. FRET DYNAMICS IN THE GCCL MODEL
In this section we will discuss 2D FRET in a model that has complex internal dynamics involving multiple conformations. This toy model, introduced in Refs. 72 and 73 and subsequently used to explore various aspects of protein folding and forced protein unfolding, 59, 74, 75, 78 considers the dynamics of Gaussian chains with breakable cross-links, each cross-link mimicking a native contact in a protein. Despite its naivety, this model displays a number of features observed in protein folding. Most notably, it offers a physical explanation of the correlations between folding rates and the native topology of single-domain proteins. 59, 72 Since the details of the model are given elsewhere, we will limit ourselves to a brief description and an explanation of how we have adapted the GCCL model to describe FRET.
A. Description of the model
Conformations of the chain. We will assume that our polypeptide chain consists of L monomers connected by L − 1 bonds. In the GCCL model, the folded state of the chain is specified by the list of its K native contacts ͕͕g 1 , h 1 ͖ , ͕g 2 , h 2 ͖ , ... ,͕g K , h K ͖͖. In this notation, monomer g 1 is in contact with monomer h 1 and so on. Partially folded conformations will have some ͑but not all͒ of the native contacts formed. It is convenient to represent these states as binary strings of length K,
Here C k = 1 if the contact between the monomers g k and h k is formed and C k = 0 otherwise. This allows us to label each conformation with a unique number i obtained by converting the binary series back to base 10. For example, the conformation involving K = 5 native contacts, of which only the second contact C 2 is formed, is specified as i = 01 000. This uniquely sets i = 8. The total number of states ͑i.e., binary strings͒ is N =2 K . Stochastic dynamics of the chain. The model assumes that the formation or dissociation of each contact is described
where is the free energy cost to form a contact measured in units of k B T. Since all contacts in our model are binding, is negative. We will further assume that this energy is the same for all native contacts. The preexponential ␥ is given by ␥ =3D / a 2 , where D is the relative diffusion constant and a is the distance used to determine when two monomers can form a native contact ͑see below͒. 73 We set ␥ = 1, which means that time is in units of 1 / ␥. Note that k d is independent of the state of the chain.
In contrast, the diffusion controlled rate constant k f for the formation of a native contact between the monomers g and h depends on which other contacts are already present. Assuming that the chain obeys Gaussian statistics and that a contact is formed between two monomers when the distance between them becomes less than a, this rate constant is given by 73, 79 
where ͗r g,h 2 ͘ is the mean square distance between g and h. If no other contacts are present in the chain then this distance is given by
where b is the effective length of the bond. As was shown in Ref. 73 , Eq. ͑28͒ can be generalized for chains that contain arbitrary sets of contacts:
where n eff is the effective number of bonds between monomers g and h prior to the formation of a contact between them. The effective number of bonds depends on all other contacts that are already present and can be calculated using Kirchhoff's rules, as described in Refs. 73 and 78. Note that the rate constant of Eq. ͑27͒ depends only on the dimensionless ratio a / b. In what follows we set ͑6 / ͒ 1/2 ͑a / b͒ 3 = 0.5. Equations ͑27͒ and ͑29͒ introduce cooperativity into the model. Suppose, for example, that a native contact involves the chain ends. The formation of any other contact that creates an inner loop will effectively shorten the distance between the ends, thereby facilitating the subsequent collisions and therefore formation of the end-to-end native contact.
Description of FRET within the GCCL model. We now affix a FRET pair to our chain, with the donor residing on monomer d and the acceptor on monomer a. The instantaneous efficiency of FRET between the donor and the acceptor separated by an instantaneous distance r is given by Eq. ͑1͒. However, our model says nothing about the instantaneous value of r, nor can the instantaneous FRET efficiency be measured experimentally. Because r typically fluctuates on time scales much faster than the time resolution of a FRET experiment, what is measured instead is the average FRET efficiency over a certain time window. 41 As a result, the observable distribution of the FRET efficiency is narrower than one would expect on the basis of the true distribution of r ͑the motional narrowing effect͒. Although in general the dependence on the window size may be quite complex, 80 here we will assume that the time scale for the formation/dissociation of each native contact is slower than the time resolution of a FRET experiment. We will further assume that the time scale of the chain fluctuations while in any given state i ͑as defined by the set of its formed native contacts͒ is faster than the time resolution. Thus our FRET "experiment" can resolve each of the individual N =2 K states of the chain, for each yielding the value E i ͑␣͒ = ͗E͑r͒͘ i , which is the average of Eq. ͑1͒ over the probability distribution p i ͑r͒ of the donor-acceptor distance for that particular conformation. A recent study 11 indicates that structural heterogeneity of the unfolded ensemble, as manifested by a broad distribution of FRET efficiencies, can indeed be resolved using single-molecule FRET.
Within our model, the probability distribution for the distance between the donor and the acceptor is Gaussian,
where n eff is the effective number of bonds between the donor and the acceptor in the given chain conformation ͓see Eq. ͑29͔͒. This gives, for the mean FRET efficiency in this conformation,
where R 0 = R 0 / b is the dimensionless Förster radius. In all of our studies, we set R 0 =4. We will now present two case studies using two different sets of native contacts. We will refer to these as structures 1 and 2, as shown in Fig. 3 .
B. Case study: Structure 1
Structure 1, defined by the set ͕͕1,20͖, ͕10,30͖, ͕20,40͖, ͕30,50͖, ͕40,60͖, ͕1,61͖͖, has an interesting topology involving several pseudoknots. 78 Both thermodynamically and kinetically, this structure shows features expected of small, single-domain proteins that fold via a two-state cooperative mechanism. 81 To demonstrate how a single-molecule FRET experiment might reveal this mechanism, let us consider the case where the donor and the acceptor are attached to the ends of the chain, ͕d , a͖ = ͕1,61͖. Figure 4 ͑top͒ shows the structure's denaturation curve defined as the average FRET efficiency ͑i.e., the average ͗E͘ = ͚ i p i ͑0͒ E i ͒ plotted versus the contact energy ͑measured in units of k B T͒. The contact energy measures the strength of the attractive interactions stabilizing the folded structure. When is close to zero, the chain is denatured and the mean FRET efficiency is low. As one decreases the value of , the structure undergoes a "folding transition," which is manifested by the mean FRET effi-ciency approaching the maximum value of 1. Here, the donor-acceptor pair ͕1, 61͖ has formed and the polypeptide chain is in the folded conformation. At this point the reader could raise the valid objection that the formation of one particular native contact ͕͑1,61͖͒ does not necessarily indicate the formation of the folded state consisting of all six native contacts. In fact, it is more common to use a collective coordinate, such as the fraction of the native contacts formed, to characterize the folding progress. However, it turns out that for this particular structure, the denaturation curve is similar regardless of the choice of the donor-acceptor pair as long as it coincides with a native contact. In other words, the donor-acceptor distances for different native monomer pairs are highly correlated, just as expected for a good "two-state folder." 81 2D FRET is well suited for probing this kind of correlation and we will return to this issue at the end of this section.
We now turn to the dynamics of our model. We are interested in defining a characteristic time scale that describes conformational rearrangements as observed by FRET. A natural way to do this is to consider the autocorrelation function of the FRET efficiency defined by Eq. ͑10͒. If the autocorrelation function decays approximately exponentially according to C ␣␣ ͑t͒ = C ␣␣ ͑0͒e −t/ ͑as one expects for a perfect two-state folding protein 69 ͒, then can be estimated by
On the other hand, using the spectral decomposition of Eq. ͑11͒, one finds that at long enough time the correlation function should decay as C ␣␣ ͑t͒ ϰ e − 1 t , where 1 is the lowest nonzero eigenvalue of the rate matrix −R. This means that in the case of purely exponentially decaying correlation function, we should have
In the case where the correlation function is nonexponential, all three times would be different. Equation ͑32͒ could, for example, be pathological if C ␣␣ ͑0͒ = 0, which is a common case for quantum mechanical emission autocorrelation functions that show photon antibunching behavior ͑see, e.g., Ref. 50͒. While this is not the case here, we can use the differences among 1 , 2 , and 3 to assess deviations from nonexponential behavior.
In Fig. 4 ͑bottom͒, we plot 1 , 2 , and 3 as a function of . We find that the differences between the three times are small, indicating that the behavior of the autocorrelation function is close to exponential. We further find that the correlation time exhibits a maximum as a function of located near the midpoint of the denaturation curve. This is the typical chevron-plot type of behavior, 82 which is commonly observed for two-state folding proteins. In terms of a simple two-state model, in which the rate constants for folding and unfolding are, respectively, k f ͑͒ and k u ͑͒, the correlation time is equal to =1/ ͓k u ͑͒ + k f ͔͑͒ ͓cf. Eq. ͑7͔͒. As k f ͑͒ decreases and k u ͑͒ increases with increasing , exhibits a peak. We note that in our model this effective two-state behavior emerges from rather complex multistate kinetics of the model as a result of strong cooperativity among different contacts, see below.
We have also studied random contact sets and found that some of them show a sharp maximum of the relaxation time and a sharp denaturation transition while others do not. Consistent with earlier theoretical predictions, 68, 82 the latter sets do not show two-state behavior ͑i.e., a nearly exponential decay and a high degree of correlation among all contactssee below͒.
We now proceed to the case of 2D FRET and assume that two FRET pairs are attached to our chain, with the positions ͕d 1 , a 1 ͖ = ͕1,20͖ and ͕d 2 , a 2 ͖ = ͕30, 50͖. Since the locations of these pairs coincide with native contacts, the two FRET signals probe whether or not the contacts are formed. Experimentally, one can measure the joint probability distribution of the two FRET efficiencies P͑E ͑1͒ , E ͑2͒ ͒. Within our model ͑see Sec. II B͒, this is given by
which is a collection of ␦ peaks. Of course, in practice, these peaks are broadened by noise. In addition, incomplete motional narrowing may also contribute to the observable width. 41, 42 To mimic these effects in our model, we simply replace each ␦ peak in Eq. ͑35͒ by a two-dimensional Gaussian of width ⌬, such that our joint probability distribution becomes
͑37͒
We use the value ⌬ = 0.05 throughout. As a result, not all the distinct states can be resolved. Note that Eq. ͑36͒ preserves normalization of the joint probability density but may permit unphysical values of the FRET efficiency ͑e.g., E Ͼ 1͒.
In Fig. 5 , we plot P͑E ͑1͒ , E ͑2͒ ͒ at = −4, corresponding to the midpoint of the denaturation curve. In addition, we also plot the discrete points ͑E i ͑1͒ , E i ͑2͒ ͒ corresponding to the distinct chain conformations ͓i.e., the locations of the ␦ peaks of Eq. ͑35͔͒. Finally, we show the connectivity of our model by plotting straight lines between any two conformations that are connected kinetically ͑i.e., there is a transition between them͒. In our model, only the elementary transitions that break a single contact or form a new contact are allowed. Figure 5 shows similarities to both Figs. 1͑a͒ and 1͑b͒. The distribution P͑E ͑1͒ , E ͑2͒ ͒ has four maxima corresponding to the cases where both contacts are formed, both contacts are unformed, and one contact formed and one unformed. These four peaks form a rectangle as in Fig. 1͑a͒ . It is possible to go from the peak where both contacts are broken to the peak where both contacts are formed along the edges of the rectangle. This corresponds to a pathway in which there is no structural coupling between the distances reported by E ͑1͒ and E ͑2͒ during each elementary transition. Another example of a transition that does not introduce structural coupling is illustrated in Fig. 6 , in which we show the breaking of contact ͕40,60͖, corresponding to line A-C in Fig. 5 . This event affects E ͑2͒ without changing the value of E ͑1͒ . In addition to the above four peaks, intermediate peaks are also observed. Note the set of transitions aligned along the diagonal of the graph. These are the transitions showing structural coupling between the FRET pairs. For example, in the second transition shown in Fig. 6 ͑and shown as line B-C in Fig. 5͒ , contact ͕1,61͖ is broken. Intuitively, we can understand how this global event involving end monomers will affect both E ͑1͒ and E ͑2͒ . Because structural coupling between two pairs is seen only for some elementary transitions, it is not surprising that our choice of FRET pairs for structure 1 corresponds to an intermediate situation between having two independent contacts and two strongly correlated ones. As discussed in Sec. II, the degree of structural coupling should be reflected in the temporal behavior of the correlation functions of the FRET efficiencies. These correlation functions for structure 1 are shown in Fig. 7 . While at long time they all decay exponentially at the same rate corresponding to the lowest eigenvalue of the rate matrix −R ͑bottom of Fig. 7 , heavy solid line͒, at shorter times C 11 ͑t͒, C 12 ͑t͒, and C 22 ͑t͒ behave differently. This, of course, indicates that our structure 1 is not a perfect two-state, cooperative folder, in which all native contacts form in a concerted fashion.
The degree of coupling differs for different pairs of contacts. If, for example, we select ͕40, 60͖ and ͕1, 61͖ as the locations of our two FRET pairs, then we find C 11 ͑t͒, C 12 ͑t͒, and C 22 ͑t͒ ͑Fig. 8͒ to have considerably more similarity in their behavior. This finding is also consistent with the difference in the values of the correlation coefficient 12 ͓as defined in Eq. ͑4͔͒ computed for these two choices of FRET pairs. Table I gives the values of the correlation coefficient for every possible choice of two FRET pairs ͑assuming that a FRET pair corresponds to a native contact͒. According to this table, our first choice of two contacts corresponds to the lowest correlation case ͑ 12 = 0.403͒ while the second choice corresponds to the highest correlation case ͑ 12 = 0.803͒. We 
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Two-dimensional fluorescence resonance energy transfer J. Chem. Phys. 128, 115102 ͑2008͒ also note that for all possible choices of the two donoracceptor pairs, there is a significant correlation ͑Ͼ0.4͒, consistent with the notion that the folding of structure 1 shows significant degree of cooperativity.
In Table II 12 and of the structural coupling parameter 12 . For example, the least correlated donor-acceptor pairs C 1 and C 4 also correspond to the minimum value of ͉ 12 ͉, while the most correlated pairs, C 5 and C 6 , also result in the maximum value of ͉ 12 ͉. However, for C 2 and C 4 we find a low value of 12 comparable to the pair C 1 and C 4 while the value ͉ 12 ͉ is much higher. In the GCCL model, the formation of a native contact reduces ͑or leaves unchanged͒ the effective number of bonds n eff between any pair of monomers. This means that the FRET efficiency from any pair of monomers should increase ͑or remain the same͒ upon the formation of any contact. Therefore every nonzero term in Eq. ͑19͒ is negative, since the change in both FRET efficiencies has the same sign, and 12 will always be negative for our model. Because the rate of contact formation also increases with decreasing n eff , the GCCL model is frustration-free. Thus kinetic cooperativity of our model has essentially the same physical origin as the structural coupling observed through the FRET signals. This explains why ͉ 12 ͉ and 12 behave similarly.
C. Case study: Structure 2
We now turn to structure 2 ͑Fig. 3͒, which consists of the native contacts specified by ͕͕1,31͖, ͕8,23͖, ͕31,45͖, ͕45,61͖, ͕38,53͖, ͕15,45͖͖. Without the presence of contact ͕15,45͖, the chain segment between monomers 1 and 31 would be statistically independent from the segment between 31 and 61. We can think of structure 2 as consisting of two domains coupled by ͕15,45͖. The FRET pairs ͕d 1 , a 1 ͖ = ͕8,23͖ and ͕d 2 , a 2 ͖ = ͕45, 61͖ have been selected to probe the formation of a loop within each domain. In the absence of the contact ͕15,45͖, there is no coupling between the two FRET pairs. Once the contact ͕15,45͖ forms, it connects the two domains and induces a correlation between E ͑1͒ and E ͑2͒ . This is seen in Fig. 9 , where discrete states are shown in the E ͑1͒ − E ͑2͒ plane, along with their connectivity. We observe a weak correlation in that only a small number of elementary transitions are observed to introduce structural coupling between E ͑1͒ and E ͑2͒ . For most of the transitions the two FRET efficiencies change independently. The situation is thus similar to that discussed in the example of Sec. II A involving two independent domains.
The weak coupling between the two domains is reflected in the behavior of the correlation functions, see Fig. 10 . Specifically, C 12 ͑t͒ exhibits strong nonexponential behavior and decays much slower than the autocorrelation functions C 11 ͑t͒ and C 22 ͑t͒. As discussed in Sec. II, slow initial decay of C 12 ͑t͒ ͑i.e., small absolute value of 12 ͒ indicates weak structural coupling between the pairs, which is indeed observed in Fig. 9 and Table IV. The autocorrelation functions C 11 ͑t͒ and C 22 ͑t͒ appear to decay exponentially but each at a different rate, as seen from the semilogarithmic plot in Fig. 10 . This is because the two domains are only weakly coupled and so each has its own folding/unfolding kinetics. At long time, one expects all of the correlation functions to decay as exp͑− 1 t͒, where 1 is the lowest nonzero eigenvalue of the rate matrix −R. Examining Fig. 10 , one may conclude that this is true for C 11 ͑t͒ but not for C 22 ͑t͒, which seemingly decays at a different rate. However, if we plotted these functions for much longer times, we would discover that the expected behavior, C 22 ͑t͒ϳexp͑− 1 t͒, is eventually recovered ͑data not shown͒. Since all of the correlation functions are essentially zero at times so long, recovering the correct exponential tail for C 22 ͑t͒ would be impractical experimentally.
These observations emphasize the potential value of measuring cross-correlation between FRET signals achieved in 2D FRET. In a conventional one-dimensional FRET experiment, one could separately measure C 11 ͑t͒ and C 22 ͑t͒, find them to decay at different rates, and erroneously conclude that the two domains are independent. This is because the correct exponential tails are hard to measure. On the other hand, even the short-time behavior of C 12 ͑t͒ would immediately indicate the degree of coupling between the two domains.
Examining the correlation coefficient 12 for all possible choices of the two FRET pairs corresponding to native contacts ͑Table III͒, we find-not unexpectedly-that FRET pairs probing the contacts within the same domain are correlated considerably ͑e.g., for pairs C 1 and C 2 , or C 3 , and C 5 ͒ while the correlation is low when each FRET pair resides on a different domain ͑e.g., C 2 , and C 4 ͒. Interestingly, if one of the FRET pairs probes contact C 6 ͕͑15,45͖͒, it shows significant correlation with the other pair regardless of its location.
Returning to Table IV , we find weak structural coupling between two FRET pairs when they are situated on different domains, which is manifested by 12 values that are one to three orders of magnitude lower than the diagonal terms 11 . This is different from the case of structure 1, where 12 tend to be of the same order of magnitude as 11 , the difference never exceeding a factor of ϳ10.
IV. CONCLUDING REMARKS
We have shown here that an analysis of temporal correlations between two FRET signals can provide useful information about structural coupling and cooperativity among various structural elements of a protein. The four-color FRET experiment envisioned here involves two independent donor-acceptor pairs. As discussed in the Introduction, in practice it may be difficult to avoid spectral overlap among various dyes. Designing a setup with one donor and two acceptors should be much easier and, in fact, has already been accomplished. 36, 37 Unfortunately, extracting the inherent coupling between the conformational variables of interest from the FRET data becomes much more difficult for such three-color FRET experiments because of the additional coupling that arises due to competition between different FRET pathways. Suppose, for example, that we have one donor D and two acceptors, A 1 and A 2 , and that only two FRET pathways are possible, D → A 1 or D → A 2 . In the case of weak excitation, the fractions of photons received from each acceptor are then given by 37 
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Here ⌫ −1 is the radiative lifetime for the donor and k FRET ͑1,2͒ ͑R ͑1,2͒ ͒ is the FRET rate for each pathway, which depends on the distance between the donor and the respective acceptor. This shows that the emission signal in a given channel will depend on both distances even if the distances R ͑1͒ and R
͑2͒
themselves are statistically independent. To eliminate this pathway coupling, it is tempting to simply invert Eq. ͑38͒, ͕E ͑1͒ , E ͑2͒ ͖ → ͕R ͑1͒ , R ͑2͒ ͖, and use R ͑1͒ and R ͑2͒ as underlying dynamic variables. The theory of Sec. II would then be directly applied to R ͑1͒ and R ͑2͒ rather than to E ͑1͒ and E ͑2͒ . The problem with this is that one measures not the instantaneous value of the FRET efficiency but rather an average value corresponding to a given conformational state. 41, 47 This means that Eq. ͑38͒ should be replaced by
where the subscript ͕R ͑1͒ , R ͑2͒ ͖ i denotes averaging over the joint probability distribution p i ͑R ͑1͒ , R ͑2͒ ͒ of R ͑1͒ and R ͑2͒ corresponding to the conformational state i. For the model studied in Sec. III, it is easy to perform the above averaging, because for each set of contacts the joint distribution of the two distances is straightforward to calculate. Going backward and obtaining the joint distributions of distances from E i ͑␣͒ would be a much more challenging exercise in statistical analysis. One example where this can be accomplished with relative ease is the case where each conformation i has a well defined geometry so that the distribution p i ͑R ͑1͒ , R ͑2͒ ͒ is sharply peaked at R ͑1͒ = R i ͑1͒ , R ͑2͒ = R i ͑2͒ . Then Eq. ͑39͒ can be approximated by
and so now one can solve for R ͑1͒ and R ͑2͒ in each state i.
It is likely that future development of multidimensional FRET schemes will require a compromise between the experimental realities of spectral overlap, which make it difficult to avoid competing FRET pathways, and the theoretical models which will be required to use approximations to go beyond the perfect four-color FRET case considered here.
